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Three alternative formulations for transient dynamic response optimization of mechanical systems are presented,
analyzed, and evaluated. The basic idea of these formulations is to treat various state variables as independent
variables in the optimization process (in addition to the real design variables), that is, generalized displacements,
velocities, and accelerations. Because all functions of the optimization problem become explicit in terms of the
variables in these formulations, their gradients can be calculated easily as compared to the conventional approach
where special design sensitivity analysis methods need to be used. Also, the equations of motion are not integrated
explicitly; they are imposed as equality constraints. For the alternative formulations, the optimization problem
is quite large in terms of the numbers of variables and constraints. However, the problem functions are quite
sparse, which is exploited in the optimization process. Advantages and disadvantages of the formulations are
discussed. Several cases of two example problems are solved to study the performance of the formulations. Based
on the extensive numerical experiments, it is concluded that the proposed formulations work well for the example
problems and have potential for further development for practical applications.

I. Introduction

T RANSIENT dynamic response optimization problems are dif-
ficult to solve because they involve integration of linear or non-

linear differential-algebraic equations or just differential equations
(DEs). The most common approach for optimization of such prob-
lems has been the one where only the design variables are treated
as optimization variables.1−8 All other response quantities, such as
displacements, velocities, and accelerations, are treated as implicit
functions of the design variables. Therefore, in the optimization
process, a system of DEs is integrated to obtain the response (state)
variables and to calculate values of various functions of the opti-
mization problem. Then an optimization algorithm is used to up-
date the design. This nested process of solution of DEs and design
update, also called the conventional approach, is repeated until a
stopping criterion is satisfied. This optimization process, however,
is difficult to use in practice. The main difficulty is that the response
quantities are implicit functions of the design variables, which re-
quire special methods for their gradient evaluation, such as the direct
differentiation method or the adjoint variable method.4 These meth-
ods require integration of additional DEs. Unless a finite difference
method is used to calculate the gradients, it is difficult to optimize
systems with any existing simulation software, especially for multi-
disciplinary problems requiring use of different discipline-specific
analysis software.

Another interesting approach for transient dynamic optimization
is the equivalent static load method,9,10 where the problem is trans-
ferred to a quasi-static problem. The idea is to find a static load
set that can generate the same displacement field as that with the
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dynamic load at certain times. Therefore, multiple equivalent static
load sets obtained at all of the time intervals can represent various
states of the structure under the dynamic load. However, with this
approach, DEs must still be integrated a number of times and design
sensitivity analysis must also be performed for the resulting static
problems.

To alleviate the difficulties mentioned, a fundamental shift in the
direction of research on optimization of dynamic systems is needed.
It will be useful to develop alternative formulations that do not re-
quire explicit solution of DEs at each iteration and where there is
no need for special design sensitivity analysis procedures. By the
formulation of the optimization problem in a mixed space of design
and state variables, these two objectives can be met. Thus, the pur-
pose of this paper is to expand on this idea by proposing alternative
formulations for optimization of transient dynamic systems and to
evaluate these using extensive numerical experiments. Various state
variables, such as the displacements, velocities, and accelerations,
are treated as independent variables in the formulations. The equa-
tions of motion become equality constraints. All constraints of the
problem in the proposed formulations are expressed explicitly in
terms of the optimization variables. Therefore, their gradient eval-
uations become quite simple. Although the resulting optimization
problem is large, it is quite sparse and can be solved using sparse
nonlinear programming (NLP) algorithms. Two numerical examples
are used to study the alternative approaches and compare solutions
with the conventional approach. Advantages and disadvantages of
the formulations are also discussed.

This idea of using state and design variables simultaneously in
the optimization process has been used in the literature for the static
response structural optimization problems. This is known as simul-
taneous analysis and design approach.11−14 A similar approach has
also been used to solve optimal control problems,15−21 which is
called the direct collocation-transcription method. The main appli-
cations of the approach are for aerospace trajectory optimization15,18

and chemical process engineering.17 The basic idea is to discretize
the system of first-order DEs and define finite-dimensional approx-
imations for the state and control variables. The discretized state
equations are treated as equality constraints in the optimization pro-
cess. The collocation conditions are determined using an implicit
formula, such as the implicit Runge–Kutta method, or some poly-
nomial interpolations. Bounds on the state variables are usually
enforced at the time grid points, or at all of the collocation points
in the time domain. The optimization variables are the state vari-
ables at time-grid points, the first derivatives of the state variables,
and the control and the algebraic variables at all of the collocation
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points. The resulting NLP is usually solved by a sequential quadratic
programming (SQP) method17,18 or an interior point method,19

which exploit the sparse and block features of the problem structure.
Some detailed formulations for optimal control problems may be
found in Refs. 20 and 21.

The present work on simultaneous analysis and design for dy-
namic systems differs from the foregoing work in the following
ways: 1) Three alternative formulations are proposed and evalu-
ated for optimal design of transient dynamic mechanical systems.
2) Second-order forms of the equations of motion are also treated
directly in the formulations. 3) The state variables are discretized
using standard finite difference methods, making the numerical im-
plementation quite easy and straightforward. 4) A more recent and
powerful optimization algorithm and an associated software are used
that take full advantage of the sparsity structure of the alternative
formulations. 5) Conventional and alternative formulations are com-
pared and evaluated. 6) Advantages and disadvantages of the two
approaches are delineated.

II. Dynamic Response Optimization Problem
The basic dynamic response optimization problem is to determine

design parameters related to stiffness and damping properties of the
dynamic system, to achieve certain goals, for example, minimization
of a cost function, such as the maximum displacement or acceler-
ation, while satisfying all of the performance requirements. In this
section, a general problem for optimization of dynamic systems is
presented. In the remaining sections, the conventional and alterna-
tive formulations and numerical results for two example problems
are presented and discussed.

A. Simulation Model
Let x be an m-dimensional vector to represent the design vari-

ables for the problem, which may include the sizing variables of a
structure, or directly mass, stiffness, and damping parameters of the
dynamic system. Here, z is a d-dimensional vector that represents
the state variables for the problem. The equation of motion for a
linear system to determine the state variables can be written as fol-
lows. Nonlinear problems can be treated similarly as seen later in
an example problem. Thus,

M(x)z̈(t) + C(x)ż(t) + K(x)z(t) = F(x, t) (1)

with the initial conditions z(0) = z0 and ż(0) = ż0. M, C, and K are
(d × d) the generalized mass, damping, and stiffness matrices, and
F(x, t) is a d × 1 generalized force vector. Note that Eq. (1) cannot
be solved in a closed form to obtain explicit functional forms for z̈,
ż, and z in terms of the design variables x, which causes difficulty
in the optimization process. The equation of motion can be solved
directly in second-order form22 as is done in the structural engi-
neering literature where rotations of various parts of the structure
are quite small. The equations can also be transformed to first-order
form,23 as is done in the controls and mechanical systems literature,
by defining new variables,

y j = z j , yd + j = ż j , j = 1, d (2)

Then Eq. (1) is transformed into a system of first-order differential
equations, the so-called the state space representation of Eq. (1), as

C̄(x)ẏ(t) + K̄(x)y(t) = F̄(x, t) (3)

where C̄ and K̄ are system matrices (2d × 2d) and the dimension
of F̄(x, t) is 2d × 1. Both the first-order and the second-order forms
are examined for optimization formulations.

B. Cost Function and Constraints
In general, a cost functional includes the state and design vari-

ables, as

f = c0(x, T ) +
∫ T

0

h0(x, z, ż, z̈, t) dt (4)

where T is the total time interval considered. The objective f may
be the cost of the system, performance measures, or any other func-
tion of the state variables. A time-dependent functional, such as

maximum acceleration or displacement, can also be treated, as will
be seen later in the example problems. Design requirements are
imposed mostly as inequality constraints. (Equality constraints can
also be treated.) One type of constraint that involves integration over
time as

gi = ci (x, T ) +
∫ T

0

hi (x, z, ż, z̈, t) dt ≤ 0 (5)

The other type of constraint is the so-called pointwise constraint,
which needs to be satisfied at each point of the entire time interval
t ∈ [0, T ],

gi (x, z, ż, z̈, t) ≤ 0 (6)

These constraints may include the following displacement, velocity,
and acceleration constraints and the time-independent constraints on
the design variables:

zL ≤ z ≤ zU, żL ≤ ż ≤ żU, z̈L ≤ z̈ ≤ z̈U (7)

xL ≤ x ≤ xU (8)

where zL , żL , z̈L , and xL and zU , żU , z̈U , and xU are the lower and
upper bounds for the generalized displacements, velocities, acceler-
ations, and design variables, respectively. Any other design require-
ments may also be included in Eqs. (5) and (6).

III. Optimal Design Formulations
In this section, the conventional design formulation and three

alternative formulations are presented and discussed.

A. Conventional Formulation: Only Design Variables
as Optimization Variables
1. Formulation

In the conventional formulation, optimization is carried out only
in the space of design variables. This is the most common way to
formulate the transient dynamic response optimization problems,4

and it includes the minimum number of optimization variables. The
total time interval [0, T ] is divided into N intervals (N + 1 time
grid points), and the equations of motion are integrated to deter-
mine the system response and, thus, calculate various functions of
the optimization problem. The optimization problem is to find x to
minimize the cost functional of Eq. (4) subject to the constraints of
Eqs. (5), (6), and (8).

Note that five treatments of the pointwise constraints in Eq. (6)
have been presented and evaluated in the literature.3,4 These include
the equivalent integral and critical point methods, as well as the con-
ventional approach where the constraints are imposed at each time
grid point. It has been concluded that the imposition of constraints
at each time grid point is quite effective. The reason is that, although
the number of constraints becomes very large with this approach,
the number of active constraints is quite small (during the iterative
process and at the optimum). Therefore, the approach works quite
well and is quite easy to implement for numerical calculations. The
equivalent integral and critical point constraint methods appear to be
quite attractive as well because the number of constraints remains
quite small. However, there are some theoretical difficulties with
them causing the optimization process to fail sometimes.3−5 These
two methods were implemented for some of the examples presented
later. As expected, the performance of the conventional optimization
formulation was not good as compared to the constraint imposed at
each time point in terms of the computational effort as well as con-
vergence to the optimum point. Therefore, in this study, results are
presented with only the approach where the constraints are imposed
at each time grid point.

2. Gradient Evaluation
Because the constraint functions in this formulation are implicit

functions of the design variables, implicit differentiation procedures
need to be used to evaluate the gradients. Certainly, the finite differ-
ence methods can be used to evaluate the gradients because they are
quite easy to implement. However, the accuracy of the gradients is
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questionable, which may affect convergence to the optimal solution.
Analytically, the direct differentiation or the adjoint variable method
can be used.4,5 These procedures are difficult to implement with an
existing simulation code because the code needs to be recalled to
solve for displacement, velocity, and acceleration gradients, or the
adjoint vectors. Then, the gradients of the response functionals need
to be assembled using the adjoint vectors, or the displacement, ve-
locity, and acceleration gradients. This is one of the main drawbacks
of the conventional optimization formulation.

In the present work, both the finite difference and direct differen-
tiation approaches were used to solve the example problems. Both
of the methods worked well and converged to the same solutions.
However, only the results requiring least amount of computational
effort are reported.

B. Alternate Formulation 1: Design Variables
and Displacements as Optimization Variables

In this formulation, the displacements z(t) are also treated as
optimization variables. Thus, the problem is to determine x and z(t)
to minimize the cost functional of Eq. (4) subject to the constraints
of Eqs. (1), (5), (6), and (8). In the numerical solution process,
Eqs. (1) and (6) are discretized into N + 1 equations in the entire
time interval [0, T ], and they represent in fact the constraints that
need to be satisfied at each time grid point, as

M(x)z̈i + C(x)żi + K(x)zi = F(x, ti ), i = 0, N (9)

gi (x, zi , żi , z̈i , ti ) ≤ 0, i = 0, N (10)

The optimization variables now become x and zi , i = −1, N + 1.
Note that Eqs. (9) are the equality constraints between the variables
representing the equations of motion for the system. It is obvious that
to make Eqs. (9) and (10) explicit with respect to the optimization
variables x and z the velocity and acceleration vectors ż and z̈ need
to be written explicitly in terms of z. One simple way is to use the
finite difference approximations for them as

żi = żi (ti ) = zi + 1 − zi − 1

2�t
, i = 0, N (11)

z̈i = z̈i (ti ) = zi + 1 − 2zi + zi − 1

�t2
, i = 0, N (12)

where �t is the time interval defined as �t = T/N . Thus, in terms
of the variables x and zi , all of the problem functions have an explicit
form. Therefore, special design sensitivity analysis procedures are
not needed to evaluate the gradients. Even the equations of motion
are not integrated, but are imposed as equality constraints in the
optimization process. Note that these equations may not be satisfied
at each optimization iteration. They are, however, satisfied at the
final solution. Note also that Eqs. (9) are linear in zi if the original
DEs are linear and nonlinear if they are nonlinear.

Note that ideas similar to direct collocation can also be used
here21; however, they usually involve more complicated relation-
ships among the state variables as equality constraints. That will
make the gradient evaluation as well as computer implementation
more complex.

C. Alternate Formulation 2: Design Variables, Displacements,
and Velocities as Optimization Variables

In alternate formulation 1, all functions needed to be expressed in
terms of the design variables and displacements for numerical cal-
culations. However, if the velocities or accelerations are also treated
as variables, it will give choice of expressing some constraints, for
example, the equations of motion, in terms of velocities or accel-
erations, to simplify their expressions. This may lead to simpler
gradient evaluation and computer implementation. To evaluate this
idea, velocities and accelerations are also treated as variables in this
and the next subsection.

If displacements and velocities are treated as optimization vari-
ables, accelerations can be expressed in terms of the velocities.
Therefore, another explicit form can be obtained for the dynamic
optimization problem. The problem is to determine x, z, and ż to

minimize the cost function of Eq. (4), subject to Eqs. (1), (5), (6),
and (8). The optimization variables in this formulation are x, zi , and
żi , i = −1, N + 1, and this is denoted as form 1 of the formulation.
In fact, this form is similar to the state-space representation. If the
state-space variables y in Eq. (3), that is, displacements z and veloc-
ities ż, are treated as variables in the optimization formulation, the
problem functions become explicit in terms of these variables. The
problem is to determine x and y to minimize the cost function of
Eq. (4), subject to the first-order DEs in Eq. (3) and the pointwise
constraints

g(x, y, t) ≤ 0 (13)

Note that Eqs. (3) and (13) are discretized into N + 1 equations in
the entire time interval [0, T ] and they in fact represent the system
of constraints as follows:

C̄(x)ẏi + K̄(x)yi = F̄i (x, ti ), i = 0, N (14)

gi (x, yi , ti ) ≤ 0, i = 0, N (15)

The optimization variables for this formulation are x and yi ,
i = −1, N + 1. To make Eqs. (14) and (15) explicit with respect
to the optimization variables x and y, vector ẏ needs to be written
explicitly in terms of x and y. By using the finite difference approx-
imations, we get

ẏi = ẏi (ti ) = yi + 1 − yi − 1

2�t
, i = 0, N (16)

Note that Eq. (16) is not as accurate as Eq. (12) because the er-
ror involved here is O[(2�t)2] (Ref. 23), which is larger than that
for Eq. (12). To obtain an approximation of the accelerations with
higher accuracy, the velocities at the middle of each grid points,
ż(2i − 1)/2, i = 0, N + 1, are introduced as additional variables, and
this is called form 2 of the formulation. The accelerations are, there-
fore, expressed as

z̈i = ż(2i − 1)/2 − ż(2i − 1)/2

�t
, i = 0, N (17)

The optimization variables now are x; zi , i = −1, N + 1; żi , i = 0, N ;
and ż(2i − 1)/2, i = 0, N + 1. More equality constraints are needed due
to the introduction of additional variables. From the finite difference
approximation, the velocities are expressed as follows:

żi = zi + 1 − zi − 1

2�t
, i = 0, N (18)

ż(2i − 1)/2 = zi − zi − 1

�t
, i = 0, N + 1 (19)

D. Alternate Formulation 3: Design Variables, Displacements,
Velocities, and Accelerations as Optimization Variables

From Eq. (1), it can be seen that other alternative formulations are
possible. If the displacements z, velocities ż, and accelerations z̈ are
treated as variables simultaneously, another explicit formulation can
be obtained. Because the state variables are related to each other,
more equality constraints need to be imposed in the formulation,
such as Eqs. (11) and (12).

The problem is to determine x, z, ż, and z̈ to minimize the cost
function of Eq. (4), subject to Eqs. (1), (5), (6), and (8). After dis-
cretization, the optimization variables in this formulation are x, zi

(i = −1, N + 1), żi and z̈i , i = 0, N .

E. Discussion of Formulations
Table 1 shows the sizes of all of the formulations. In Table 1, m

is the number of elements in the design variable vector x, N is the
number of time intervals (where number of grid points = N + 1),
e is the number of constraints in g, and d is the number of DEs in
Eq. (1), or the dimension of vector z. Note that some of the inequality
constraints gi in alternative formulations 1–3 may become simple
bounds on variables, as seen later in the examples.

Note that because the pointwise constraint is imposed only at
the grid points, it is possible that the constraint could be violated
between the grid points. This is the usual difficulty whenever a
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Table 1 Number of variables and constraints for different formulations

Item Conventional Alternate 1 Alternate 2 Alternate 3

Number of variables m m + d(N + 3) m + d(2N + 6) or m + d(3N + 6) m + d(3N + 5)

Number of equality constraints 0 d(N + 1) d(2N + 2) or d(3N + 4) d(3N + 3)

Number of inequality constraints e(N + 1) e(N + 1) e(N + 1) e(N + 1)

continuum problem is discretized for numerical calculations. In the
present case, if the system response is relatively smoother and slowly
varying, the constraint violation, if any, between the grid points will
be quite small. When the response is varying rapidly, a smaller grid
size can reduce the possibility of violation between the grid points
at the expense of additional calculations.

In the alternative formulations, because the objective and con-
straint functions are all explicit in terms of the optimization vari-
ables, the gradients of functions can be obtained easily by direct
differentiation. Note that the alternative formulations do not require
the equations of motion in Eq. (1) to be satisfied exactly at each opti-
mization iteration. They need to be satisfied only at the final solution
point. This has an advantage for the alternative formulations because
they avoid possible instabilities or failure of the integration process
for the equations of motion. Also, unnecessary simulations of the
system are avoided at intermediate designs, where it might be dif-
ficult to obtain a solution. However, it can be seen that the number
of variables and constraints becomes very large in the alternative
formulations and the size depends on the number of grid points.
Large-scale NLP solution algorithms with sparse matrix capabil-
ities are required to solve the alternative formulations efficiently.
Some aspects of the alternative formulations will be discussed in
details in Sec. IV, when particular design problems are presented.

IV. Numerical Examples
For numerical evaluation, the conventional and three alternative

formulations presented in Sec. III are applied to solve two examples
problems. The alternative formulations are solved using the sparse
SQP algorithm in SNOPT,24 whereas the conventional formulation
is solved using the dense SQP solver in SNOPT because the prob-
lem is dense. SNOPT has an option to compute derivatives using a
combined forward and central difference method. This option is also
used to solve the example problems with the conventional formula-
tion. Results of the examples are listed and compared. Advantages
and disadvantages of the formulations are discussed.

For the conventional formulation, two subroutines in the Inter-
national Mathematical and Statistical Library (IMSL) mathemat-
ical library25 are used to integrate the first-order DEs in all of
the examples. These are DIVPRK (Runge–Kutta–Verner method)
and DIVPAG (Adams–Moulton method or backward differentia-
tion method). These are very good methods that can also solve
(DIVPAG) stiff DEs, which are encountered in some mechanical
system applications. All of the foregoing three methods are tried for
the example problems presented here, and only the most efficient one
is selected for optimization. Note that these methods automatically
adjust the step size internally to maintain stability and accuracy of
the solution process. Therefore, the computational effort to integrate
the equations of motion and sensitivity equations can be substan-
tial. In contrast, the alternative formulations use a fixed time grid
in the solution process. To have a fairer comparison of the perfor-
mance of different formulations, a fixed time step option was tried
for integration of the DEs. In some cases, the integration procedure
failed to converge, causing the optimization process to terminate
prematurely. Therefore, it is concluded that a reliable and robust
DE integrator is crucial for success of the conventional formulation.
In addition, the governing equations are sometimes stiff and include
algebraic equations as side constraints. Therefore, it is better to use
more general approaches for integration of equations of motion. For
all of the results with the conventional formulation reported later,
the time step size was allowed to be adjusted automatically within
the integration routine.

A personal computer with 2.53-GHz processor and 512-MB
RAM is used for running the programs and recording the CPU times.

Fig. 1 Configuration of 1-DOF impact
absorber.

Each solution case of the example problems was run several times
with different starting points, and the shortest time was recorded.
Also differences in the solution points, if any, were noted to observe
global optimality of the solution.

A. Example 1: One-Degree-of-Freedom Impact Absorber
The problem is to design a nonlinear one-degree-of-freedom

(1-DOF) shock absorber with nth-order stiffness and mth-order
damping1 (Fig. 1). The objective is to minimize the maximum ac-
celeration of the attached mass during the transient response. The
equation of motion is given as

Mẍ + b|ẋ |msgnẋ + k|x |nsgnx = 0 (20)

with initial conditions as x(0) = 0 and ẋ(0) = V and sgny = y/|y|.
Equation (20) is normalized by considering transformation of the
displacement and the time parameter as X = x/L and τ = V t/L ,
where L is the maximum displacement of the mass during the result-
ing transient motion. Therefore, the normalized equation of motion
is

Ẍ + B|Ẋ |msgnẊ + K |X |nsgnX = 0 (21)

where the overdots now represent differentiation with respect to τ ,
the initial conditions becomeX (0) = 0 and Ẋ(0) = 1, and the two
new parameters are defined as

B = bLV m − 2/M, K = kLn + 1/MV 2 (22)

The optimal design problem is to find B and K , representing the
mass, stiffness, and damping properties of the system to

minimize
B,K

|Ẍ |max subject to Xmax ≤ 1 (23)

When an artificial variable E is introduced and the normalized time
interval T of 2 (0 ≤ τ ≤ 2) is discretized into N steps (�t = T/N ),
the conventional formulation for the optimal design problem is to
find three variables E , B, and K to minimize E subject to

|Ẍi | ≤ E, i = 0, N (24)

Xi ≤ 1, i = 0, N (25)

The numbers of optimization variables, constraints (excluding
simple bound constraints), and nonzero elements in the constraint
Jacobian are listed in Table 2. The initial values of the variables
B, K , and E are taken as unity for the conventional formulation
and all three alternative formulations. No special techniques are
used to find the starting values of other variables for the three alter-
native formulations. The starting values of displacements, velocities
and accelerations are all taken as unity. Note also that the inequality
constraints in Eq. (25) become simple bound constraints in the alter-
native formulations that can be treated efficiently in the optimization
algorithms.

The optimum solutions obtained by all of the formulations are
quite similar to those obtained in the literature1 and are plotted in
Fig. 2. Figures 2a and 2b show the optimum values for nondimen-
sional damping and stiffness parameters B and K for various values
of m and n between zero and four. Figure 2c shows the maximum
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Table 2 Size of design example 1

Item Conventional Alternate 1 Alternate 2 Alternate 3

Number of variables 3 N + 5 2N + 7 3N + 7
Number of constraints 2N + 2 3N + 3 4N + 4 5N + 4
Number of nonzero elements 6N + 6 13N + 7 15N + 18 16N + 13

in Jacobian
Total number of elements 6N + 6 3N 2 + 18N + 15 8N 2 + 36N + 28 15N 2 + 47N + 28

in Jacobian

Table 3 Optimum designs for examples

1 DOF (N = 50) 5 DOF (N = 300)

Variable Conventional Alternates 1 and 3 Alternate 2 Variable Conventional (Ref. 2) Conventional Alternate 1 Alternates 2 and 3

E 0.59725 0.59752 0.59735 E 257.40 254.56 254.69 254.38
B 0.59725 0.59752 0.59735 k1 50.00 50.00 50.00 50.00
K 0.59725 0.59752 0.59735 k2 200.00 200.00 200.00 200.00

k3 241.90 200.00 200.00 200.00
c1 12.89 45.45 19.97 45.23
c2 77.52 77.35 76.99 77.39
c3 80.00 80.00 80.00 80.00

a) b) c)

Fig. 2 Example 1: optimum values for a) nondimensional damping B and b) stiffness K and c) maximum acceleration magnitude ||Ẍ||max by using
optimum B and K.

acceleration magnitude |Ẍ |max for the optimum values of B and K .
The optimum solutions corresponding to the nonlinear system with
m and n taken as 2 and the number of grid points as 50 are listed in
Table 3.

B. Example 2: 5-DOF Vehicle Suspension System
A 5-DOF vehicle suspension system2 is shown in Fig. 3 (The

state variables zi are defined there.) The objective is to minimize
the extreme acceleration of the driver’s seat (mass m1) for a variety
of vehicle speeds and road conditions defined by the functions f1(t)
and f2(t). The design variables are the spring constants k1, k2, and k3

and the damping constants c1, c2, and c3. The motion of the vehicle
is also constrained so that the relative displacements between the
chassis, and the driver’s seat, the chassis, and the front and rear axles
are within given limits. This is the design problem 1 of example 5.3
on pages 348–354 in Ref. 2. The equations of motion for the system
are given there.

The optimum design problem is to find k1, k2, k3, c1, c2, and c3

that minimize maxt∈[0,T ] |z̈1(t)| for the given road profile 1 (Ref. 2).
By the introduction of an artificial variable E , the reformulated
problem is to minimize E subject to the state equations and the
following inequality constraints in the time interval [0, T ]:

|z̈1(t)| ≤ E (26)

|z2(t) + (L/12)z3(t) − z1(t)| ≤ 2, 0 ≤ t ≤ T (27)

|z4(t) − z2(t) − (L/3)z3(t)| ≤ 5, 0 ≤ t ≤ T (28)

|z5(t) − z2(t) + (2L/3)z3(t)| ≤ 5, 0 ≤ t ≤ T (29)

Fig. 3 Vehicle suspension system with 5 DOF.

|z4(t) − f1(t)| ≤ 2, 0 ≤ t ≤ T (30)

|z5(t) − f2(t)| ≤ 2, 0 ≤ t ≤ T (31)

and simple bounds on the design variables. According to the
literature,2 the initial design, lower and upper bounds for the design
variable [k1, k2, k3, c1, c2, c3, E] are taken as [100, 300, 300, 10, 25,
25, 332.6], [50, 200, 200, 2, 5, 5, 1], and [500, 1000, 1000, 50, 80,
80, 500], respectively. The total time interval is considered as 2.5 s,
and the number of time steps is set to 300. No special techniques
are used to find an initial point for the alternative formulations. The
starting values for the displacements, velocities, and accelerations
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Table 4 Size of design example 2

Item Conventional Alternate 1 Alternate 2 Alternate 3

Number of variables 7 5N + 22 15N + 37 15N + 32
Number of constraints 6N + 6 10N + 15 20N + 25 20N + 20
Number of nonzero elements 42N + 42 92N + 102 111N + 126 109N + 109

in Jacobian
Total number of elements 42N + 42 50N 2 + 295N + 330 300N 2 + 1115N + 925 300N 2 + 940N + 640

in Jacobian

Table 5 Final objective results of design examples

Number of time
intervals, N Conventional Alternate 1 Alternate 2 Alternate 3

1 DOF

50 0.59725 0.59752 0.59735 0.59752
300 0.59725 0.59726 0.59726 0.59726
500 0.59725 0.59725 0.59725 0.59725

5 DOF
100 252.81 251.24 252.57 251.24
300 254.56 254.69 254.38 254.38
500 254.71 254.74 254.96 254.64

Table 6 Numbers of iterations for design examples

Number of time
intervals, N Conventional Alternate 1 Alternate 2 Alternate 3

1 DOF
50 4 5 16 6
300 4 8 15 3
500 4 9 15 4

5 DOF
100 23 23 10 24
300 29 27 23 20
500 22 18 23 38

are taken as zero. Note that in all of the alternative formulations
Eq. (26) is treated as a pair of linear inequalities, Eqs. (27–29)
become linear constraints, and Eqs. (30) and (31) become simple
bounds on the variables. Table 4 lists the sizes of the problems for
different formulations.

Table 3 gives the optimum solutions with different formulations.
It is seen that alternative formulations 2 and 3 find the same optimum
design, whereas alternate formulation 1 and the conventional for-
mulation converge to a slightly different solution. The optimum
solution obtained here is slightly better than that available in the
literature.

C. Discussion of Results
1. Number of Time Steps

It is obvious that the number of time steps used in the numerical
solution process can affect the final solution and performance of the
formulations. If the step size is too large, the time-dependent con-
straints may have larger violation between the grid points and the
optimal solution will not be accurate. If the step size is too small,
the sizes of the alternative formulations become very large, which
requires additional calculations and computer storage. To evaluate
the performance of various formulations, a few different grid sizes
are tried for the two examples and various results are summarized in
Tables 5–7. Table 5 lists the final objective function values, Table 6
gives the numbers of iterations, and Table 7 gives the CPU efforts
for different grid sizes. Table 5 shows that all of the formulations
converged essentially to the same optimum solution for example 1
with N = 50, 300, and 500. For example 2, all of the formulations
converged to a slightly lower objective function value for N = 100
compared to the solution with N = 300, and 500. This indicates
that there was some violation of the constraints between the grid
points when N = 100 was used. Table 8 shows that as the number
of grid points is increased the computational effort with all of the
formulations also increases, the increase being more dramatic for

Table 7 Computing efforts for different formulations, seconds

Number of time
intervals, N Conventional Alternate 1 Alternate 2 Alternate 3

1 DOF
50 0.04 0.03 0.06 0.05
300 0.25 0.64 1.35 0.75
500 0.45 1.62 2.11 2.00

5 DOF
100 13.62 4.30 4.80 10.99
300 23.19 12.00 45.99 49.31
500 17.77 74.55 171.26 117.72

the alternative formulations. It is also observed that, for example 2,
alternate 1 is about three times faster with N = 100 and about two
times faster with N = 300 compared to the conventional formula-
tion. With N = 500, the conclusion is reversed. Alternates 2 and 3 are
more efficient than the conventional formulation only for N = 100.
In any case, all of the alternative formulations converged to an op-
timum solution, with alternate 1 requiring the least computational
effort.

2. Scaling of Variables
Note that the alternative formulations include different types of

variables, which have different orders of magnitudes. Therefore,
scaling of some of the variables is necessary to reduce numerical
difficulties. In alternates 2 and 3, velocity and acceleration variables
are normalized by positive numbers. These normalizers are com-
parable to the velocity and acceleration limits. If the generalized
displacements have large differences in their orders of magnitude,
for example, rotations and translations, some variables, such as the
rotations, may also need to be scaled. This is true for the rotational
DOF in example 2. The current scaling option in SNOPT works
well only if a good starting point is provided or the problem is
not too nonlinear. Efficient automatic scaling procedures need to be
developed and incorporated into the alternative formulations.

3. Global Solution
The 5-DOF example problem has been solved by starting from

several different points to determine all of the local minimum points.
All of the starting points converged to one of the two objective func-
tion values (254.69 and 254.38). These objective function values are
almost the same but have slightly different design variable values,
especially the damping parameter c1 for the driver’s seat. Appar-
ently the optimum cost function is insensitive with respect to this
parameter. The two solutions can be considered essentially as global
optima for the problem.

4. Advantages and Disadvantages of Formulations
The advantages and disadvantages of the conventional and alter-

native formulations are listed in Table 8, and the differences be-
tween the alternative formulations are given in Table 9. Note that it
is not necessary to include velocities and accelerations as variables
to obtain explicit expressions for constraints and Jacobians. Their
inclusion gives more optimization variables and constraints and re-
quires more data storage; however, their inclusion simplifies the
constraint expressions and computer implementations. Some con-
straints become linear or simple bounds on the variables, such as the
constraints on the velocities and accelerations. The gradients of the
linear constraints in the alternative formulations can be programmed
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Table 8 Advantages and disadvantages of two formulations

Advantages Disadvantages

Conventional
Small optimization problems. Equations of motion must be integrated at each
Equations of motion are satisfied at each iteration; a good DE integrator is needed.

iteration; intermediate solutions are usable. Constraints are implicit functions of the variables;
Error in the solution of DEs can be controlled. design sensitivity analysis must be performed.

Implementation is more tedious.
The optimization problem is always dense.

Alternative
Equations of motion are not integrated at each Intermediate solutions are not usable.

iteration; no DE integrator is needed. Error in the state variables cannot be controlled.
Formulations are explicit in terms of variables; Optimization algorithms for large-scale

design sensitivity analysis is not needed. problems must be used.
Many constraints become linear or simple For efficiency, advantage of sparsity of the

bounds on variables. Jacobians and Hessians must be utilized.
Jacobians and Hessians are sparse. Scaling of optimization variables is needed.
Implementation is easier.

Table 9 Advantages and disadvantages of alternative formulations

Advantages Disadvantages

Alternate 1
Fewer optimization variables and constraints. Derivative calculation and implementation

slightly more tedious.
Denser Jacobians and Hessians.

Alternates 2 and 3
Very sparse Jacobians and Hessians. Larger numbers of variables and constraints.
Implementation very straightforward. Larger number of nonzero elements in Jacobians.
Velocity or acceleration constraints

become linear or simple bounds.

independently and called only once in the solution process, resulting
in fewer calculations.

V. Conclusions
Three alternate formulations for optimization of transient dy-

namic mechanical system were proposed and evaluated. Different
state variables were treated as optimization variables in the formu-
lations, that is, generalized displacements, velocities, and acceler-
ations. Therefore, the analysis equations (DEs) could be treated as
equality constraints in the optimization process. When more vari-
ables were introduced into the formulations, the forms of the con-
straints and their derivatives were changed. All functions of the
formulations became explicit in terms of the optimization variables.
Derivatives of the functions with respect to the variables were com-
puted explicitly. The formulations were implemented with a sparse
NLP code for evaluation. Different time steps were tested. The al-
ternative formulations had more variables and constraints, although
the constraints had a simpler form compared to the conventional for-
mulation. Therefore, an optimization algorithm for large numbers
of variables and constraints was used to solve the problem. Two
example problems were solved extensively to study and evaluate
the formulations. The solutions for the sample problems were also
compared with those available in the literature.

Based on the current research, the following conclusions are
drawn:

1) All of the proposed alternative formulations using simple finite
difference approximations for the state variables worked well and
obtained optimum solutions for the example problems.

2) The proposed alternate formulation 1 was more efficient than
formulations 2 and 3.

3) The proposed alternate formulation 1 was competitive and
more efficient than the conventional formulation for reasonable
number of time grid points.

4) The alternative formulations have potential for further devel-
opment to optimize practical dynamic systems.

The alternative formulations represent a fundamental shift in the
way analysis and design optimization of dynamic systems are cur-
rently treated. This shift in paradigm needs to be further investigated

by studying and evaluating 1) different forms for approximation of
velocities and acceleration in terms of the displacements, 2) use of
existing simulation software, and 3) other optimization algorithms
for large-scale optimization problems.
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